INTRODUCTION AND MAIN RESULTS
Einstein metrics on a compact manifold M of dimension n > 3 are characterized as critical points of the normalized total scalar curvature functional S on the space # of all (Riemannian) metrics on M. A natural procedure to construct Einstein metrics is therefore to deform an initial metric along the gradient flow of S. The explicit formula for S is this: for g E X#, S(g) = V(g)(I 2)/ JRg dvg, where dvg is the volume form of g, V(g) = fM dvg, and Rg denotes the scalar curvature function of g . Simple computations [Sc] show that the gradient of S at g is given by -V(g)(2-n)/ (Reg-n Rgg + 7n Rg g)
where Rcg denotes the Ricci tensor of g and Rg = V(g)1 fM Rg dvg . Assuming w.l.o.g. V(g) = 1 at time t = 0 we can then write the gradient flow in the following way: (0.1) g -Tg+n 2 Rgg.
Here Tg = Rcg -Rgg/n is the traceless Ricci tensor of g and 3Rg = Rg -Rg .
Along this flow the functional S would be increased. However, one observes [Sc] that an Einstein metric always minimizes S in its conformal class. Consequently one has to reverse the sign of the second term on the right-hand side of (0.1), which is the conformal component of the gradient. We keep the sign of RUGANG YE the orthogonal component -Tg of the gradient, because an Einstein metric infinitesimally maximizes S in all, except possibly a finite dimensional subspace of, directions orthogonal to its conformal class [Sc] . Thus we are lead to the following rectified gradient flow: g, Tg n-2tRgg.
For convenience, one can change the scale of the conformal component, e.g., replace (n -2)/2n by 1/n. Then one arrives at the Ricci flow of Hamilton [Hal] :
(0.2) =g -2Tg-g or -g=2Rcg+ g-(The factor 2 is added to simplify computations.) Note that there is a certain restriction to the scale factor of the conformal component in order to ensure short time existence of the flow, see [Ni] . On the other hand, the scale factors do not affect the structure of the equation concerning long time behavior. The Ricci flow (0.2) has been successfully used by Hamilton to study 3manifolds of positive Ricci curvature [Hal] and 4-manifolds of positive curvature operator [Ha2] . He showed that these manifolds can be deformed to spherical space forms through the Ricci flow, i.e., the Ricci flow starting at such manifolds exists for all time and converges smoothly to spherical space forms as the time goes to infinity. Following Hamilton's approach, Huisken [Hu] , Margerin [Ma] , and Nishikawa [Ni] proved that pointwise (sufficiently) pinched manifolds of positive sectional curvature can be deformed to spherical space forms through the Ricci flow. (The topological implication that such manifolds are diffeomorphic to quotients of spheres had earlier been verified by Ruh [Ru] using a completely different method. The Ricci flow method produces much better pinching constants.) So far a short account of the Ricci flow. Now we explain the content of this paper. Our first purpose is constructing Einstein metrics through the Ricci flow under an Einstein or Ricci pinching condition. Roughly speaking, for a given stable metric g, if the L2 norm of the traceless Ricci tensor Tg is small relative to suitable geometric quantities, then one can deform g to an Einstein metric through the Ricci flow. The concept "stability" is defined as follows. (Henceforth we omit the subscript g in notations for geometric quantities associated with g.) For a given g E X' let Q be the quadratic form Remark 3. There have been works on Ricci pinching based on Gromov's compactness theorem, see, e.g., [Gao] . Besides the independent interest of deformation by the Ricci flow, one should note that no lower bound on injectivity radius (or related quantity) is assumed here and hence the compactness theory is not applicable.
A special (analytic) consequence of this theorem is the following stability theorem for the Ricci flow: the Ricci flow starting near a stable Einstein metric always converges to it. This reveals the strong variational structure of the Ricci flow. Another special corollary is that Ricci pinched manifolds of negative sectional curvatures can be deformed to Einstein manifolds.
Corollary. Let (M, g) be a closed Riemannian manifold of dimension n > 3 such that -1 > K+ > K-> -A and IITIlco < e-c(n)A(d+l)/c(n) for some number A > 1, where c(n) is a certain positive constant depending only on and K+, K-denote respectively the maximal and minimal sectional curvatures. Then g can be deformed to an Einstein metric through the Ricci flow. Along the flow and in the limit, Ricci curvatures remain negative.
In the proof of Theorem 1 we adopt a new approach to the study of convergence of the Ricci flow. Hamilton's approach essentially consists of (ingeniously) applying pointwise parabolic maximum principles to various curvature quantities and thereupon establishing that along the flow the Riemann curvature tensor becomes more and more pinched and the scalar curvature approaches a constant. This approach is very powerful, but depends on positivity of curvatures, mainly for the reason of the maximum principles. The approach of the present paper follows the scheme proposed by Min-Oo [Mi] : via the weak maximum principle of Moser [Mo] , L2 estimates of curvature quantities can be translated into CO estimates and hence the convergence of the Ricci flow is reduced to establishing L2 decay of the traceless Ricci tensor T. Unfortunately, the crucial L2 decay argument in [Mi] is not correct and the claimed theorem there (stating that almost Einstein metrics of negative Ricci curvature can be deformed to Einstein metrics) remains open. The vital fact which was overlooked in [Mi] is that the projection Pr defined in (2.11) in [Mi] is not orthogonal, hence the equation Pr (-Rm Z Rm, Z at a does not hold (Z is the traceless Ricci curvature tensor of type (1, 3), see [Mi] ). This equation is essential for the proof of the crucial estimate of (2.21) in [Mi] . We are unable to find a correct proof of this estimate and believe that it does not hold in general. We remark that the difference of the two sides of the above wrong equation contains exactly what is hard to handle. Our observation is that the desired L2 decay of T can be derived from stability. We would like to note that the issue of preserving stability along the flow is rather delicate. This is true even for short time. For long time, stability and convergence are intertwined: they depend on each other and will be proven simultaneously. Because we only establish a certain partial stability along the flow, we do not know whether the limit Einstein metric is stable. We point out that this is the case, provided that one additionally imposes a Holder bound on the covariant derivatives of the Ricci tensor of the initial metric. Such a bound is not so natural though. We also notice that in Theorem 1 we can actually replace the stability condition by a weaker condition, namely H-stability (i.e., replace Ae by the number AH below). Our second topic is to extend the curvature pinching and deformation theorem of Huisken, Margerin, and Nishikawa mentioned before. We prove Theorem 2. For given n > 3 and C > 0 there exists an e > 0 such that the following is true. If a closed n-dimensional Riemannian manifold (M, g) satisfies the pinching condition -1 > K+ > K-> -1 -e and one of the boundedness conditions below, then it can be deformed to a hyperbolic space form through the Ricci flow
(1) d < C, (2) V < C, n $ 3,
(3) 1XI < C, n is even, where X is the Euler characteristic.
Moreover, sectional curvatures remain negative along the flow.
The main point in this theorem is the Ricci deformation, because the topological implication that M is diffeomorphic to a hyperbolic space form was known (due to Gromov [Gr] ). In the following two theorems we deal with L2- Theorem 3. For given n > 3 and A > 0 there exists an e > 0 with the following property. If a closed Riemannian manifold (M, g) of dimension n satisfies d2IIRmllco < A, f IRmI2 < ER2, then it can be deformed to a space form through the Ricci flow. In particular, M is diffeomorphic to a space form. The curvature sign of the limit space form coincides with that of R.
Next we treat L2-pointwise pinching.
Theorem 4. For given n > 3, A > 0 there exists an e > 0 with the following property. If a closed Riemannian manifold (M, g) of dimension n satisfies d2IIRmllco < A, f IRmI2 < eR4/IIRmI20 or < ed44 and R < 0, then it can be deformed to a hyperbolic space form through the Ricci flow.
In case R > 0, one more bound is required (it seems that Ricci flow prefers negative curvature here).
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Theorem 4 '. For given n > 3, A > 0, and C > 0 there is an e > 0 with the following property. If a closed Riemannian manifold (M, g) of dimension n satisfies d2IlIRmllco < A, fR2 ? CRR, fLRmV2 ? e /HRmHo or < _ 4 and R > 0, then it can be deformed to a spherical space form through the Ricci flow.
The above pinching results are based upon Theorem 1. We rely on the fact that curvature pinching implies stability. The case R > 0 of Theorem 3 can also be derived from the aforementioned works of Huisken, Magerin, and Nishikawa and Moser's weak maximum principle, but the case R < 0 is very different. In this case, crucial evolution equations used in [Hu, Ma, Ni] contain terms with the "wrong" sign and hence (also for other reasons) the approach of Huisken et al. does not work. We would also like to mention that Min-Oo and Ruh [Mi-Ru] have shown that L2-global pinching forces the underlying manifold to be diffeomorphic to a space form. They deform the metric by the Ricci flow for a short time to achieve CO pinching and then apply known results. Their arguments do not yield information about long time behavior of the Ricci flow. In a similar vein, Yang [Ya] proved some LP-curvature pinching theorems with p > n (without bound on IIRmIlco) . (Our arguments also apply to that situatio and produce time-global Ricci deformation there. Compare Remark 1.) In still another development, Gao [Gao] has treated Ln/2-curvature pinching which involves lower bound on volume or injectivity radius. There, one may even not expect uniform short time existence of the Ricci flow. The next two theorems again deal with curvature pinching, but avoid bounds involving diameter (the volume and Euler characteristic bounds in Theorem 2 imply diameter bounds by Gromov's work [Gr] ). We define the isoperimetric constant C, of an n-dimensional Riemannian manifold (M, g) to be C1 = sup { V(Q)n-' : Q is a nonempty open set in M, V(Q) < I V(M)} where V means volume and A means area ((n -1)-dimensional measure).
Theorem 5. For given n > 3 and C > 0 there exists an eO > 0 with the following property. If a closed Riemannian manifold (M, g) of dimension n satisfes -1 > K+ > K-> -1-e min(l, I/IVi) with 0<8e<0 and C1 < C, then it can be deformed through the Ricci flow to an Einstein manifold with -1I + (,e) > K+ > K-> -1I -(,e) , where 0 < J(,e) < 4 and lim,O b(e) = ?
In dimension n = 3, it follows that M is diffeomorphic to a hyperbolic space form.
Remark 4. One should note that the conditions in this theorem are weaker than those in Theorem 2, because C1 can be estimated in terms of Ricci curvature, diameter and volume. It is unknown whether (for n > 4) Einstein manifolds of negative and sufficiently pinched curvature must be isometrically or at least topologically space forms. (The answer for positive curvature is positive, see ?2.) On the other hand, the difference between the assumptions of these two theorems is somewhat subtle. In Theorem 5 the dependence of pinching on volume is explicitly on the order of 1/Vi, while in Theorem 2 this dependence is inexplicit and probably on a much higher order. Our interest in Theorem 5 (for n $ 3) is the hope to use it to produce negatively pinched but diffeomorphically nonhyperbolic Einstein manifolds. So far we have not been able to do so.
The only known examples of diffeomorphically nonhyperbolic manifolds with almost zero pinched negative curvature due to Gromov-Thurston [Gr-Th] and Farrell-Jones [Fa-Jo] do not satisfy the condition of Theorem 5. The pinching there is on the order of 1 / log V.
The L2-version of Theorem 5 involves curvature bounds normalized by volume and yields stronger information, namely deformation to space forms in all dimensions: Theorem 6. For given n > 3, A > 0, and C > 0 there exists an e > 0 such that the following is true. If a closed Riemannian manifold (M, g) of dimension n satisfies V2/nIIRmIlco < A, C1 < C, R < 0, and f IRmI2 < eR4/IIRmI1120 (o < ed R )., then it can be deformed to a hyperbolic space form through the Ricc flow. In particular, M is diffeomorphic to a hyperbolic space form.
Remark 5. In dimensions n > 4, this theorem can also be thought of as an L2-version of Theorem 2. Finally we notice that in Theorem 1 one can also adopt a bound on the isoperimetric constant in order to avoid diameter.
The arguments in this paper also apply to many other geometric flow problems such as the mean curvature flow and the heat flow for harmonic mappings.
It is a pleasure to thank Professor R. Schoen for his interest in this work.
Ricci PINCHING
Contrary to the approach in [Hal] , where one first considers the unnormalized Ricci flow 0 g/0 t = -2Rc, we work directly with the (normalized) Ricci flow (0.2). We first derive evolution equations for curvatures. The dot a denotes 0/0 t when it is on top or a superscript, while the dot in the middle denotes inner product. Let Rij, Tij be the coefficients of Rc, T and Bijkl = RpjqjRpkql . We fix a closed manifold M of dimension n > 3. (1) follows from the calculations in Hamilton's paper [Hal] . The other identities follow straightforwardly from (1) and (0.2).
For the convenience of the reader, we summarize some basic facts.
Lemma 2 (short time existence). The Ricci flow exists (and is smooth) on the time interval [0, z(n)/A], where A denotes liRmllco at t = 0 and z(n) is a positive constant depending only on n. Moreover, the following estimates hold at any time t E (0, z(n)/A]:
117k Rmllco < )Ac(k, k = On ) tk/2 where c(k, n) depends only on k and n. We can actually choose c(O, n) = 2.
This follows from Theorem 14.1 in [Hal] and the maximum principle; see [Ha3] or [Sh] .
For a given metric g on M and A > 1 , the Sobolev A-constant C(A) of (or better: of the Riemannian manifold (M, g)) is defined to be the smallest positive number for which the following Sobolev inequality holds:
We simply call C(1) "Sobolev constant" and denote it by Cs (Cs does exist; S see [Li] ).
Lemma 3 (Moser's weak maximum principle). Let g = g(t), 0 < t < T, be a smooth family of metrics, b a nonnegative constant, and f a nonnegative function on M x [0, T] which satisfies the partial differential inequality
where A refers to g(t) . Then for any x E M, t E (0, T],
(1) If(x, t)l < c (b + 1 + I 1 (CA) (b + 1 +) + AV-2/n) ecbtHfoHL2
for arbitrary A > 1,
where c is a positive constant depending only on n, 1 = max -(dv)/dv C(A)= max cdA)(g(t)), V= min V(g(t)),
O<t<T dt S O<t<T O<t<T d = max diam g(t), H = max liRcilco, and fo = f(., 0)
This lemma follows from (a simple modification of) the proof of Theorem 4.1 in [Ya] and the estimates for the Sobolev constant given in [Gal] . See also the original paper [Mo] of Moser.
Next we study how stability evolves along the Ricci flow. For each presentation let us first introduce a definition. 
where ( ) denotes the inner product relative to g(t). From the Ricci
Here and in the sequel, C1, C2, ... denote various positive constants ing only on n. From [Be, 1.174 ] and (0.2) we obtain I7hl < C21VRcl the contracted second Bianchi identity implies (note n > 3) (1.4) IVRcl < C31VTI.
Hence we have (1.5) I7hl < C41VTI lhl.
Next we derive from [Be, 1.174 (1.12) jds IVTI2 ?< CIO ITJ 2 (t <K (n)).
To proceed we observe that by Lemma 2 and the flow equ the following comparison between the metrics g = gt, 0 (1.13) -? g < CiIgo, 1Hg-goH0co(M0) < C12t. for a E (0, 1), provided that r < Tl(n, xe) := min{ife, 2I}/C17 for Choosing a = C16/(C16 + Ae/2) we conclude (we may assume C16 > 1) (1.18) QT(h0) > ! e f (Vho12 + I 12)
Our purpose is however to estimate QT(h). We have Here everything is measured in go except in the integr VTI is measured in gt, 0 < t < -r. But we observe by (1.13) that J| J IVT12 dt < C25 dt IVT 2. We expect that the 80-value or fl-value for suitable fi of gt continues to bounded away from zero for long time. Our argument is to prove this along with the convergence of the Ricci flow. The idea is that L2-decay of the traceless Ricci tensor T and hence the convergence of the flow will follow from a positive lower bound for A, . On the other hand, the decay of T helps us to establish such a bound. This sounds like a circle, but we have enough gap to play with.
We continue under the assumption of Lemma 4. Set To estimate JITIlco, we derive from equation (5) In order to estimate 22flo at time T, it remains to check whether (1.41) is implied by the following condition:
(1.46) trgrh 0, IlhII2o(MT) < Ih 1h2.
Given an h with (1.46), we put h? = h -(trg.0 h/n)gzo. We com -trgh=2(T+3Rg) .h.
Using this, (1.45) and the condition trgrh = 0 one easily shows (1.47) Itrg.0hIgTo < A41hlg, with A4 = eA3 a20 ea2bdobo4 Vo. n > 3 satisfying the condition (diam)2IIRmllco < A, (diam)2 e > a . Dilating the metric we can achieve lIRmllco = 1, diam < v/X, Ae > C/A (we omit the trivial case liRmllco = 0). It suffices to show that the dilated metric (which will be denoted by go) can be deformed to an Einstein metric through the Ricci flow. Consider the Ricci flow starting at g0. On account of Lemma 2, Lemma 4, and estimate (1.13) we have on [0, To]: lIRmllco < 2, 'AP > Yo, and diamMt < V/5jTdo (fi = 4flo). From Lemma 2 and equation (6) in Lemma 1 we also derive for t E [0, T] the estimate fM IT12 < a26 fMo T12 for some a26 = a26(n), which implies fM IT2 < a26ee-Yt/4 fM0 T12. We conclude that To satisfies Condition Bo with Bo = (2a26e, 2\/SIT, yo/4). Define F= {t > To: t satisfies Condition B}. Now we choose a sufficiently large number a26 = a26(n) such that the condition ( 1.5 1 ) (a26/ y4T4n)ea26d0 a/< 1 implies Assumptions I-V with bo = 2a26e, b1 = 2+/EIT, and y = yo. is possible because of estimate (1.33), standard volume comparisons and the algebraic forms of these assumptions. Next we choose a suitable number c = c(n) such that (1.51) is implied by the condition do < VKX, Ae > 5/A, and (1.52) e < (1/c)e-Cv' min(1, (a/A)8(3n+8)). Now if the metric g satisfies the condition f 1T2 < 1 C V7min (1 8 ()(3l8) IRm12, then (1.52) is true for the dilated metric g0. From Lemma 5 we then derive that F is closed. We also infer that condition (i) in Condition Bo is an open condition. Since the remaining conditions are obviously open, we conclude that F is open in [ro, oc) . Thus F = [To, oc). It follows that the Ricci flow exi for all time and converges exponentially as t goes to oc. (Convergence in C2 is immediate from estimates (1.28), (1.33), (1.34), and (1.35). Higher order convergence follows readily.) Taking limit in the flow equation (0.2) we see that the limit metric is Einstein. This finishes the proof of the second pinching case of the theorem. To treat the first pinching condition, we dilate the metric to achieve diam = 1, lIRmllco < A and )e > a. Arguing essentially in the same way as before we then reach the conclusion. (Some modifications are in order. For example, one first derives from Lemma 4: if the initial metric satisfies IIRmllco < A and Ae > 0, then on the time interval [0, a(n)4/A(1 + 42)] of the Ricci flow, the estimate iPO/A2 > AAh/c(n)( 1 + Ae) holds.) U Comments on Remarks 1 and 2. Remark 2 can be proven in the same way as above. To justify Remark 1, we apply a more general version of Lemma 3, in which the constant b is replaced by an LP12 function. This version is formulated as Theorem 4.1 in [Ya] . As mentioned before, one has to correct its statement suitably.
Proof of Corollary to Theorem 1. Deformation to Einstein metrics is immediate from Remark 2 and Proposition 4. A negative upper bound for R can be deduced from the pointwise maximum principle applied to equation (4) in Lemma 1 (together with decay estimates for I TI and 3R) . This combined with the d cay estimate for I TI implies the claimed negativity of Ricci curvatures. l 2. STABILITY AND RIEMANN PINCHING Stability of Einstein metrics is usually defined in terms of the second variation of the normalized total scalar curvature functional S in directions which are transversal (i.e., divergence free) traceless symmetric 2-tensors, see [Ko3] . Our concept of stability (in the special case of Einstein metrics) is actually equivalent to this. Proposition 1. An Einstein metric g is stable (in the sense ofDefinition 1) if and only if (d2/dt2)S(g + th)lt=o < 0 for all nonzero transversal traceless symmetric 2-tensors h.
Proof. Following the computations in [ ] we derive for an arbitrary traceless symmetric 2-tensor h jt-2 S(g + th)lt=o -h *Lh, where (Lh)1= =-'Ah+ Igkl(hik;jl + hjk;il) n (assuming w.l.o.g. V(g) = 1). An application of the Ricci identity then yields (2.1) ~~d 2 1 (2.1) Q7t2S(g + th)lt=o = -2Q(h) + J 13h12, where dh is the divergence of h, (3h)i = gikhij;k. For convenience let us denote the second variation (d2/dt2)S(g + th)lt=o by Q(h). From (2.1) the "only if' part of the proposition follows immediately. Now assume Q(h) < 0 for all nonzero transversal traceless symmetric 2-tensors h. If g is a round sphere metric, then Ae > 0 according to Proposition 3 below. Otherwise, for any traceless symmetric 2-tensor h we have the orthogonal decomposition h = h0 + h I, where hI is transversal traceless and h0 is a Lie derivative of g (see [Be, 4.57] ). Then Q(h) = Q(hl) and hence Q(h) = -2Q(hl) + 2f13h12 by (2.1). It follows Q(h) > 0, provided that h is not identically zero. LI Now we present some geometric conditions which imply stability (of a metric which is not necessarily Einstein). Stability of Einstein metrics has been studied by Koiso [Ko 1, Ko2, Ko3] . We largely follow his arguments. We denote respectively by ao, a' the maximum eigenvalues of the operators h -* Rm(h) + Rh/n and h -* Rm(h) acting on traceless symmetric 2-tensors h.
Proposition 2. We have Ae > -min(ao, a'). Hence stability is implied by the condition ao < 0 or a', < . n n-n-1) -1 >n(n -1) IRI -2(v>n_+ 1) 1IRm 1co,
'e > max (mm (n( 1) 2IRmI -|TI), min &-n i)R -IRml)).
(The first relates to global pinching, the second to pointwise pinching.)
Proof. These are simple algebraic computations, applying Proposition 2. The first entry in max( ) (of either estimate) comes from an estimate of a' , while the second from that of ao . (1) a R = 2 IT12+ 2(--1) f(R)2, [Ni] and Lemma 17.1 in [Hal] . El
Proof of Theorem 2. According to [Gr] , conditions (2) and (3) can be reduced to (1). So let us fix n, C and assume d < C, -1 > K+ > K-> -1 -e, where e > 0 is to be determined. It is immediate from Theorem 1 and Proposition 3 that choosing e sufficiently small we can obtain Ricci deformation to Einstein manifolds. We show that pinching is preserved in the limit. Applying the pointwise maximum principle to equation (4) in Lemma 6 we infer 0 0
(2.2) |LRmjjco(Mt) < Cj(n)HjRmjjco(M0), 0 < t < C2(n).
(Cl, C2, ... are all positive constants.) Setting Gijkl = gikgjl -gilgjk we compute (2.3) +1RmI2 =(Rm,Rm)+2 Rm,Rm-_ G-R 09 t ~~~~~n(n -1) n(n -Rm can be handled with (1.6), while the other terms are easy to compute. Employing the estimates (1.33), (1.34), (1.35), and (1.36) with suitable constants (these estimates hold by the proof of Theorem 1) we then deduce for t > C2(n) (2.4) Ie t Rmt2 < C3(n, C) ( I T1)2 e-C4(n)t.
Integrating this inequality and appealing to (2.2) yield for 0 < t < +oo 0 ~ ~ ~~~~~~0
(2.5) 11Rmjjco(M hence pinching is preserved along the flow and in the limit. We claim that Moo is a space form, provided that E has been chosen small enough. Otherwise, we would have a sequence of limit Einstein manifolds M , none of which is a space form, such that their volumes are uniformly bounded away form zero ( Margulis-Heintze theorem [Gr] a-= -2Rcg + gg.
The estimates (2.10) and (2.11) are retained after the dilation. They imply iIRmlIco < C3(n)R (e being chosen small enough) and hence R < -C3(n)
Dilating the metric once again and choosing e sufficiently small, we can achieve the condition for deformation in Theorem 2 and therewith we are done. a
Proof of Theorem 4'. This is basically the same as above. Again rescale to get lIRmlIco = 1. But instead of (2.9) we use (2.12) IIRmIIco < C1(n, A, k),R6, on [T(n)/k, c(n)], k = 1, 2.
Furthermore, from equation (3) in Lemma 6 and the assumption we see f(5R < C2(n, C)Ro on [0, T(n)] (choosing e small). From this and equation (4) (2.13) lRmllco < C4(n, C, A)eR, at to = 2 C3(n, C)-1.
In analogy to (2.11) we obtain at to: IIJRIIco < C5(n, C, A)>~XRR. Now we can rescale to achieve 1 + C6(n, C, A)>~/ > K+ > K-> 1 and diam < C7(n)fA.
Applying Theorem 1 and Proposition 3 we then achieve Ricci deformation to an Einstein manifold. The arguments in the proof of Theorem 2 can be adapted to show that the limit is actually a spherical space form. El Proof of Theorem 3. This is similar to and easier than the proof of Theorems 4 f j~M1 < W-12 < -2 and 4'. One notes that the pinching ? m12<eR implies f 13R2 C(n)eR for some C(n). o
Proof of Theorem 5. The proofs of Lemma 5 and Theorem 1 (combined with the stability estimate Proposition 3) basically apply here but two changes are necessary. The first is that instead of the second inequality in Lemma 3 we should now use the first one everywhere. For the application of this inequality we notice that the Margulis-Heintze theorem [Gr] yields an upper bound for V-2n, while the relation Cs < a(n)C 1n (for some a(n) > 1 , see [Li] ) provides an estimate for the Sobolev constant Cs of the initial metric (we consider CI a more basic concept than Cs). We shall see below how to control the Sobolev constant along the flow. The second change is that we have to estimate JR in a new way. The previous estimation of 3R (contained in (1.33) and used elsewhere) was done with the help of the inequality IkJRI < (diam) max IVRI, but we have no control over diam now.
To appeal to the previous arguments, we again dilate the initial metric to achieve IIRmIlco = 1. Then the pinching is changed to -c(n) > K+ > K-> -c(n) -e(n)e for some c(n) > 0, e(n) > 0, whereas the Sobolev constant which yields an estimate for fI Vf12 similar to (2.15). Combining these tw estimates we conclude ( IMf f2n/(n-2)) < A (T) (Cs(Mo) i Vf 2 + v-2n J f2) are A(T) = exp(fj(IR1 HRIIco+IITIIco) dt) . This implies an estimate for C(2)(MT provided that the pinching number e has been chosen small enough.
Other quantities can be estimated along the lines of arguments in the proof of Lemma 5. We let the reader complete the proof. Note that the arguments in the proof of Theorem 2 can be applied to show negativity of curvature along the flow and the desired pinching in the limit. El Proof of Theorem 6. Rescale the metric to get V = 1. Arguing in a fashion similar to the proof of Theorem 4, we can reduce to Theorem 5. Since an upper bound for volume is available this time, we can actually achieve deformation to space forms also in dimensions > 4; cf. the proof of Theorem 2. 5 A remark on pinched Einstein manifolds. Applying equation (4) in Lemma 6 to an Einstein metric g we obtain ALRm12 -21VRm 2 -(4R/n)lRm12 + P = 0. 0 0 Sin sufficiently small, then by the maximum principle we conclude Rm 0 O, and consequently g has constant sectional curvatures. A good calculation of E can be found in [Hu] or [Ma] . From [Ha2] we can also conclude: 4-dimensional Einstein manifolds of positive curvature operator must be space forms.
